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I. INTRODUCTION 

The relation between large N gauge theories and string theory [1] together with the 
AdS/CFT correspondence M have opened new insights into strongly interacting gauge 
theories. The application of these ideas to QCD has received significant attention since 
those breakthroughs. From the phenomenological point of view, the so called AdS/QCD 
approach has produced very interesting results in spite of the strong assumptions involved 
in its formulation [61-111). It seems important to further proceed investigating these ideas 
and refining the current understanding of a possible QCD gravity dual. 

In the holographic approach, the vacuum expectation value of the Wilson loop is obtained 
by minimizing the Nambu-Goto (NG) action for a loop lying in the boundary space [T^ 113] . 
This is known to work in the strictly AdS case, i.e. for a conformal boundary field theory. 
In this work it is assumed that this procedure also works in the non-conformal-QCD case 
provided an adequate 5-dimensionaI background metric is chosen. 

In this work the minimal area is computed by solving the Hamilton-Jacobi equation. 
This approach has the advantage that the minimal area can be obtained without solving 
the equations of motion. It amounts to study the variation of the minimal area under 
changes in the location and shape of the countour. This approach naturally leads to a 
regularization which consists in moving the countour into the bulk out of the border. This 
HJ-regularization was also considered in |14) for the AdS case. In that reference another 
regularization was also employed, which consists in locating the countour at the border but 
computing the area only up to a diameter smaller than that of the countour. This approach 
will be referred to as e-scheme. It was shown that the result for smooth surfaces computed 
using both schemes coincide except in what respects to zig-zag symmetry. The HJ-scheme 
respects this symmetry but the e-scheme does not. In the present work, it is shown that for 
the non-AdS case the results for the coefficients of the expansion in powers of the diameter 
of the circular countour of the NG action do not coincide for both schemes, even for regular 
surfaces. The origin of this difference between both approaches is that, in the HJ-scheme, 
boundary conditions for the minimal surface are taken at its border, i.e. where the base of 
the loop lies. In the e-scheme boundary conditions are taken at the space border, which is 
not the location of the calculated area border. 


The features and results of this work are summarized as follows: 
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• The HJ approach is employed for the calculation of minimal areas of rectangular and 
circular loops in asymptotically AdS spaces. 

• For the case of the rectangular loop the HJ equation is separable and can be solved 
exactly. 

• For the case of the circular loop an expansion of the Nambu-Goto (NG) on-shell 
action in powers of the radius of the loop is implemented. At each order the relevant 
differential equation is linear and solvable up to the calculation of an integral. 

• The HJ approach naturally leads to a regularization that consists in locating the loop 
countour away from the border. The substraction is implemented following ini as 
extended to the non-AdS case in na. 

• The two regularizations considered in na are applied in this case. One of them is the 
one mentioned above that fits naturally in the HJ approach. The other one considers a 
minimal surface whose countour is at the border and computes the area of the surface 
up to a diameter smaller than the one of the countour at the border. 

• The results for the expansion coefficients of the NG on-shell action in powers of the 
radius are considered. They do not coincide for the two regularizations mentioned 
above. This discrepancy is investigated in detail and has its origin in the divergence 
of the metric coefficients at the border. 

This paper is organized as follows. Section 2 defines the bulk metrics to be considered 
and recalls the NG action. Section 3 deals with the rectangular loop in the HJ approach. 
Section 4 studies the circular loop in the HJ approach and the approximate solution of the 
HJ equation as a power series in the loop’s radius. Section 5 deals with the substraction 
scheme and its explicit computation. Section 6 compares both regularizations and explains 
the origin of the discrepancy between both. Sections 7 presents some concluding remarks. In 
addition two appendices are included, one of them giving explict expressions of the expansion 
coefficients mentioned above and the other showing the source of the differences between 
both regularization schemes. 
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II. THE NAMBU-GOTO ACTION 


The distance to be considered has the following general form, 

+ r]ijdx’‘dx^) 

= G^udx^dx^ /i, 1/= 1, • • ■ , d + 1 . (II-l) 


It is defined by a metric with no dependence on the bonndary coordinates, which therefore 
preserves the bonndary space Poincare invariance. This shonld be the case if only vacnnm 
properties are considered. The form of the warp factor A{z) to be considered is. 


A{z) = -\n(^j)+f{z), (II.2) 

where / {z) is a dimensionless fnnction. In this work f{z) is taken to be a series in eveiij^ 
powers of , i.e., 

f{z) = J2(^2kZ^'■ (11.3) 

k=l 

The case f {z) = 0 corresponds to the AdS metric. This deviation from the AdS case conld 
be prodnced by a bnlk gravity theory inclnding matter fields. Possible candidates for these 
bnlk gravity theories have been considered in uniin]. 

The area of a snrface embedded in this space is given by the NG action. 


Sng — 



(11.4) 


where g is the determinant of the indnced metric on the snrface, which is given by. 


9ab G ^lyd^X^ di)X , 


where x^{a, b) are the coordinates of the snrface embedded in the ambient d + 1 dimensional 
space. The indices a, b refer to coordinates on the snrface. 


^ Restricting to even powers implies that no odd dimensional condensates will appear [T5]. The motivation 
for this requirement is that this is the case in QCD where no odd dimensional condensates appear. 
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III. RECTANGULAR LOOP 


The surface contoured by this loop is described by the following embedding, 

= t , f e 

= X , a; G [—a, a] 

x^ = 0 ,\fk^i 

x^ = z = z{x). 

the determinat of the induced metric, 


Qab G (^7 ^ ^7 


is given by, 

det(5(ab) = [1 + z\xf] e^^(d ^ 
leading to the following expression for the NG action. 


(III.l) 

where in the last equality traslation and reflection symmetry has beeen employed. The 
geometrical setting given above is described in the following figure. 





Figure III.l. (a) The rectangular loop is located at z = 0. The corresponding world sheet z(x) lives 
in the bulk. For T —>■ oo, the world sheet parametrization z{x) is t independent, (b) A worldsheet 
section for fixed t. In this case the contour is located at a value zi. This value can be sent to zero 


after substraction. 
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As described in the second figure, the loop is located at a value zi of the coordinate 
orthogonal to the border, in addition the corresponding minimal surface is required to be 
regular at the origin. Therefore the boundary conditions for the minimal surface are, 

z(a) = Zi , ^'(0) = 0 . 

The potential between static quarks can be obtained from the NG action as follows, 

V^,(R) = lini ^ (III.2) 

T->+oo 1 TTOL Jq 

where R = 2a is the interquark separation. 


A. Hamilton-Jacobi approach 


With the boundary conditions mentioned above, the on-shell NG action is a function of 
the interquark separarion a and Zi, the location of the loop, i.e., 

Sng = Sng{.o., Zi) 

the corresponding Hamilton-Jacobi equation is given by, 

dSNG{.o,)Zi) ^ dSNG{a,zi) ^ 

- + -tl \ Zl, --, a — u , 


da \ ’ dzi 

where H = H{z,p,x) is the Hamiltonian, p the canonical conjugate momenta to z and x 
the coordinate along the spatial dimension of the loop. To make the calculations easier, 
it is helpfull to neglect the multiplicative factor ^ in 
expression. Standard methods lead to. 


HI.l 


and reintroduce it in the final 


H{z,p, x) = pz\z,p, x) — L{z, z\z,p, x),x) 

g2A(z) 


vTT 

leading to the following form of the HJ equation, 

dS]\fG{a, Zi) 




da 


^4A{zi) 


dS^Gio^, zi) 
dz^ 


= 0 . 


(III,3) 


(III,4) 


In this case, since the lagrangian does not depend on the coordinate x, the Hamiltonian is 
a constant of motion E, thus, 

dS^Gio^^Zi) ^ J^4A{zi) _ Zi) ^ 


da 


dzi 
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and the value of E can be obtained from (|III.3|) as follows, 

E = 


,2A{z) 


^ _g2A(2o) 


where zq is the maximum value of the coordinate z attained by the minimal surface, which 
is therefore such that, 

zo = ^(0) , ^'(0) = 0 . 


An expression for zq as a fucntion of a and Zi can be obtained by means of, 

dx 
dz 


r , dx , 

a = dx= — dz 


'0 


'z(O) 


"21 

— dz = 


"20 


,2A{zo) 


’ 20 


^q4A{z} _ qAA(zo) 


dz. 


(111.5) 

(111.6) 


Having a constant of motion, a solution by separation of variables is possible. 


SMG{a,Zi) = A{a) + Z{zi) 


replacing in (III.4) gives. 


A'{a) = -E 

Z'{zi) = ± Ve4^(^i) - E^ . 


The general solution to these equations i^ 


y4(ci) — — —E • Qj Aq 
Z{ zi) = - / ' \/e4^(d - E^ dz 

^inf 

where the integration constants Aq and Zinf, has to be determined by choosing adequate 
boundary conditions. The followign boundary condition is adopted. 


lim S'tvg( a, ^i) = 0 ,Vzi 

a^O 

this condition is satisfied by the following solution, 

A{a) = = —E ■ a 

Z{zi) = - r Ve4^(d - E^ dz 
J ZO 


^ In the second equation bellow, the minus sign has been chossen. This choice corresponds to a minimal 
surface that extends from the border 0 = 0 to greater values of z. 












Noting that linia^o-^o = shows that the required boundary condition (III.7) is fullhlled. 
Replacing ^i) in (IIh2), the interquark potential is given by, 




27ra' 


j^q2A(zo) + 2 ° \/e4^(^) - dz 


' Zl 


(111.8) 


which coincide with the results in |18| . In order to express this potential in terms of a and 
Zi, equation ( III.5[ ) can be employed to obtain zq as a function of is a and Zi. In the AdS 
case A[z) = — In the integrals appearing in (III.5) and (III.8) are elliptic and can be 
evaluated to give expressions in terms of the hypergeometric function. In the general case, 
near the border, i.e. for zi —)■ 0, the integrals can be evaluated up to terms proportional to 
positive powers of zi, leading to. 




a = 


fR 
27ra' Zq 

0rzor(|) 



v^r(-|) 

4^or(|) 

+ o{z !). 



+ o(z!) 


(III.9) 


which clearly shows that there is a divergence for zi ^ 0. This happens also in the non-AdS 
case and is related to the divergence of the metric near the border. A substraction procedure 
should be employed to obtain a hnite value. This substraction will be discussed in section 

5. 


IV. CIRCULAR LOOP 

The surface contoured by the circular loop is described by the following embedding, 

= 0 

= 0 Vfc 7 ^ /r, z/ 

= r cos{ip) 
x'" = r sin((^) 

x^ = z = z{r) ,0<v9<27r,0<r<a, 

it should be noted that the coordiante z has been taken to depend only on r, due to the 
rotational symmetry of the countour and the metric. The corresponding geometrical setting 
is shown in Figure 4.1. 
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Figure IV.1. A loop located at z = zi, and the corresponding world sheet. 


The induced metric, 

9 ab = Gf.^.daX^dbx’" (a, b = Lp,r) 
and its determinant are given by, 

9.. j . det(g„,) = [1 + Arf] e“l*>, 

which leads to the following expression for the corresponding NG action, 

Sng = —, [ dr r a/1 + V(r)2 , 

OL .In 


(IV.l) 


where the integration has been done, cancelling the 27r factor in (II.4). It is worth noting 


that this Lagrangian depends on the integration variable, and therefore the Hamiltonian is 
not a constant of motion in this case. The Euler-Lagrange equations of motion arising from 
this action are, 

(IV.2) 


( T*! 

r . + z\r) - 2rA\z) = 0 


1 + V(r)2 

the boundary conditions to be considered are. 


z{a) = Zi , z'{0) = 0 


(IV.3) 


which correspond to a smooth surface contoured by a circular loop of radius a located at 
the value zi of the coordinate z ortogonal to the border. For the AdS case A{z) = —ln(|;). 


the solution to (IV.2) with the boundary conditions (IV.3) is. 


z = \ + zi — , 0 < r < a . 


(IV.4) 
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A. Hamilton-Jacobi approach 

In this case, the NG action is a function of the radius a and the location zi of the circular 
loop. The momentum canonically conjugate to z and the Hamiltonian appearing in the HJ 
equation are given by, 


, , , dL(z,z',r) 1 ,, , a'p 

p{z,z,r) := -—-= — , ^ ^ {z,p,a) = ± 


dz' 


a' Vl + z"^ 


^j.2qAA(z) _ q,/2 p2 


H{z,p, r) = pz\z,p, r) — L{z, z\z,p, r),r) 


p 


z'{z,p,r) a 


— ip —^^7-2 e4Ap) _ Q,/2p2 


(IV.5) 


Replacing in the HJ equation, 

dSNcia, ^i) 

da 


rj I dSNG{0‘,Zl) , 

+ H [zi, - — -, a ) = 0 , 


leads to. 


da a' 


a 


J2 


dSNG{a,zi) 

dzi 


= 0 , 


which implies. 


dSNG{a,zi) 

2 

L 

dSNG{a,zi) 

da 


dzi 




In the AdS case this equation is. 


(IV.6) 


(IV,7) 


^*S'7vg(0) Zi) 

2 

+ 

dSMcia, Z]) 


da 

dzi 

a'2 zf 


whose solution with the boundary condition. 


lim Sng{.o,, Zi) =0 {zi = cte) , 

a^0+ 


(IV,8) 


IS, 


a 


, a 


(IV.9) 


which coincides with what is obtained by replacing the solution (IV.4) in the NG action 


(IV.l). 
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B. Expansion in powers of the radius a 


An expansion of the on-shell NG action for the circular loop in powers of a, allows to 
obtain information about the gluon condensates in the dual gauge theory |19jpD][T3] . It is 
not totally straightfoward to perform such an expansion. This can be seem from the result 
(IV.9) for the on-shell NG action in the AdS case. The series expansion of S^'Q{a,zi) in 


powers of a is given by, 


7\ 


(IV.IO) 


which is convergent for ^ < 1. Therefore such an expansion is not suited to reproduce the 


behaviour of for zi —)■ 0 and a hxed. Indeed, (IV.9) shows that. 


“ cAdSf^ ^ \ ^151 ® 
^2 I®) 


(IV.ll) 


In this respect it is convenient to consider the NG action in terms of the variables Wi = ^ 
and a instead of zi and a. Doing this for the AdS case gives. 


Wi 


wl 


- 1 


whose Laurent expansion for tci ^ 1 reproduces the divergence term 1/wi in (IV.ll), this 


is not the case for the expansion (IV.IO). 


Dehning the action S{a,wi) by. 


S{a,wi) = SNG(,a,wia) 


and taking into account that. 


dS{a,wi) Wl dS{a,wi) 
da da a dwi 

dSNG{(^,zi) 1 dS{a,wi) 


dzi a dwi 

the HJ equation is rewritten as follows. 


dS{a, Wl) 
da 


+ (1 + '«^D 


dS{a, Wl) 
dwi 


o... ^dS{a,wi) dS{a,wi) _ 1 ^ 4 „ 4 A(^i.a) 

^ c47 ^ Ci ^ ^ Ci 


da 


dw-[ 


a 


a 


(IV.12) 
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the boundary condition (IV.8) is now, 


0 = lim S^G (O; ^i) = 1™ S (a, — ) (zi = cst.) 

a—>0+ a—>-0+ V a / 


Next the following power series expansion is considered, 


S (a, Wi) = — y^ S2n (wi) 
ot 


^2n 


(IV.13) 


(IV.14) 


71=0 


replacing this expansion in (IV.12) leads to. 


oo / n 


2n+4 


EE A{k + l){n - k + 1) S 2 (k+i){wi) S 2 {n-k+i){wi) 

n=0 \A:=0 / 

oo / n 

+ S2(fc+1)K) S2(n-fc)K) 1 + 

n=0 \/c=0 / 

oo / n \ oo 

(1 S2(n-fc)K) I - = 0, (IV.15) 


n=0 \k=0 / n=0 

where /dm are the power series expansion coefficients of ^ i.e.. 


^AA(wia) _ 


^4f{wia) _ 


{wia) 




^/52n {Wiaf"" , 


these coefficients can be written as polynomials in the a coefficients appearing in (II.3). 


Equating to zero the coefficient of a"’ in the l.h.s. of (IV.15), leads to. 


2{l + wl) Sq{Wi) S 2 n{wi) - 4nWis'o{Wi) S 2 n{wi) + 

^{(l+Wl) s'^kiwi) s' 2 (n-k){u!l) + Ak {u - k) S2fc(tCl) S2{n-fc) (^l) (IV.16) 

-4:WikS2k{Wi) s'2(n-fc)(wi)} - /32nwl'^~^ = 0 , 


71—1 


k=l 


valid for n = 0,1, 2, • ■ ■. The boundary condition (IV.13) leads to. 


lim S (a, zi/a) = 0 lim S 2 n (zi/a) ■ = 0 Vn, zi = cst. 

a^0+ a^0+ 


(IV. 17) 


For a given n, equation (IV.16) involves the functions S 2 k{wi) and S2ki^0 ioi 0 < k < n. 
Therefore starting with n = 0, the resulting equation only involves So(rci) and SQ(tci), solving 
for them they can be replaced in the equation for n = 1, to get S 2 (tci) and S 2 (wi) and so 
on. The equation for n = 0 and its solution satisfying the boundary condition ( IV.17| ) are, 

1 


KK)]^ = 


wf (1 + wj) 


So{wi) = + I - 1 


Wi 


(IV.18) 
















13 


where the sign in the second equation has been choosen so as to get a positive area for non¬ 
vanishing radius. For the cases with n = 1, 2, • • ■ the differential equations to be considered 
are of the form, 




(IV.19) 


the general solution to this equation is, 


= cP"' I" 2^ d., 


F{w,) = 




^(2n)(2,) 


dx , 


(IV.20) 


where jg ^ constant to be determined using the boundary condition (IV. 17). Eq. (IV. 16) 
implies that, 

5(2n)('^' 


= —2n- 


Wi 


Ai‘^A(^x) l + wf 


F{wi) = In [(l + ^ 


replacing in (IV.20) leads to. 


'•Wi 2 

.n I 


S2n(Wi) = c(2")(l+M;2)-+ + 

^ Jo [l + X^) 2 


- dx , (IV.21) 

'2 

where the following equalities were employed = 2 (1 -t- x'^) SQ(a;) = — ■ Inpos- 


ing the boundary condition (IV. 17) leads to. 


C(2n) ^ 


1 /■+“ a;2 


'o (l + a: 2)”+2 


dx. 


which replacing in (IV.21) gives. 


S2n{Wi) = -- (l + W?) 


a.2 


' Itll 


(l + X2) 


n+ 


xC^‘^'^\x) dx. 


(IV.22) 


the functions appearing in this expression are obtained form (IV. 16), 


n—1 


^ {(l X^) s' 2 k{x) s' 2 {n-k){x) + Ak [u - k) S 2 k{x) S 2 (n-k){x) 

k=l 

AwikS2k{x)s'2(n-k){x)} - IJ2n x‘^'^~^ . (IV.23) 


for n = 0,1, 2,3 the results for (x) and S 2 n{,Wi) are given in appendix A. 

















14 


V. SUBSTRACTION 

The substraction procedure employed is essentially the same as the one in [T2]. It has 
been extended and applied to the non-AdS case in |15| . The subtraction Sct to the NG 
action has a clear geometrical meaning which is illustrated in fig. V.l 



Figure V.l. Substraction scheme. 


It corresponds to the area of a cylinder with section given by a countour such that the 
minimal area surrounded by this countour at z = 0 intersects the plane z = z\ with the 
original countour. For the case of confining warp factors the extension of this cylinder in the 
z direction is regulated by an infrared cut-off zi^i- This is so because for those geometries 
the warp factor necesarily presents a minimum z^ above which the warp factor grows [IS]. 
In [I5| it is argued that a natural candidate for this infrared scale is the location of the 
warp factor minimum Zm- In any case as we shall see bellow the physical quantities to be 
calculated do not depend on this scale. 

For the case of the rectangular loop Sqt is given by, 



for the AdS case this subtraction is, 



which when substracted to cancells the divergent term in (III.9). 
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For the circular loop the substracted on-shell NG action is given by, 


1 

— ScT = Sng — f 0(^5 zi) J dz , 


(V.l) 


For the AdS case the function ro(a, Zi) is hxed by conformal invariance and is given by, 


„AdS 


(a, zi) = 271 \Ja? -t- zl , 


leading to. 


QSub,AdS 

^NG 


a' 


(V.2) 


(V.3) 


For the non-AdS case one could take ro(a,Zi) to be the radius of a loop located at the 
boundary whose minimal surface would intersect the plane z = Z\ with a circle of radius a. 


However as explained in ra it is simpler to take the AdS expression given by ( |V.2[ ), which 
presents no conflict with conformal invariance and leads to a hnite substrated NG action 
even in the non-AdS case. 

The choice of zjr does not affect the result for the condensates, since it only affects the 
coefficient of the perimeter in the expansion of the on-shell NG action in powers of the radius 


a. 


A. Computing the subtraction 


Fot the circular loop, in terms of Wi = Zi/a, the subtraction is given by, 

1 /- 


Sgt = — a\ 1 + wl 
a' '' 


the warp factor to be considered is given by (II.3), i.e.. 


A{z) = -hgfj]+ f{z) , f{z) = 


thus. 


a 


j^ScT= ji^a\ll + wl 


J w\-a 

^IR 


= 2^ aikZ 
k=l 


2k 


2iog(f )+2/(^) dz = — aJl + wl / 

L ^ Jwi-a Z 

= a\Jl + wj I ^ (1 + _ 1 ) dz 


7'^ 

J wi-a ^ 

= a\/ 1 + wj f ^dz + a\Jl + w\ , 

’wi-a Z Jwi-a 


^IR g2/(2) _ 


dz 


= aJl + wj (--) +aJl + wf n 

\ ^ / WT-a Jwi-a 

^/l + wf 


^IR g2/(2:) _ ^ 


dz 


Z^ 


Wi 


-|- Oy 1 -|- Wi 


1 

-h 

ZiR 


Wi ■ 

^IR g2/(2) _ 


dz 


' wi-a 
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the integrand in this last equation has no singularities in the integration region. Therefore 
the only singular term of this expression for tfi —)■ 0 is the first. This singular part coincides 
with the one in the AdS case. Indeed it is produced by the AdS term — log of the warp 
factor. Thus the singular part of the counterterm is not affected by the addition of f{z) to 
the warp factor. 


B. The subtracted NG action 

For the rectangular loop, the substracted NG action is given by, 


nsub c c 

^NG — — ^GT 

T 

27ra' 

T 

27ra' ^ 

r^iR 


TTa' 


flQ‘2A(zo)^2 \/e4^(d - e4^(^o) dz 
J Zi 

fZO - 

Rq‘^A(zo)^2 / _ ^AAizo) _ q2A(z) 

J Zl 


zp rziR 

-/ e^^^^Gz 

™ Jzi 


(V.4) 


zo 


The hrst integral is now hnite even when zi ^ 0. This can be seen by noting that the 
integrand has no singularities and is well behaved when 2 ; —)■ 0, this is shown bellow, 

^q4A{z) _ q4A{zo) _ q'^A(z) _ ^g-41og(f )+4/(2) _ g-41og(^)+4/(2o) _ ^-2log(|;)+2/(2) 

= , / —fAf{z) _ ^fAfizo) _ ^qV{z) 

v4 "^4 <y2 






^ Q'^[f{zo)—f{z)] - \ 

z‘^ 

_i e4[/(2o)-/(2)] _|_ Q j e4[/(2o)-/(2)]^ 


where in the last step the power series expansion of the square root was employed. The 


second integral in (V.4) is convergent and depends on the infrared cutoff zjr. It is shown 


in [18] that when the interquark separation is big (i? = 2a S> L) the value of zq goes to 
Zmi the minimum of the warp factor, and consequently the interquark potential has a linear 
dependence on R, 
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Vqq{R) = (TR + Vo 


where a = is the quark-antiquark string tension. Warp factors such that ^ 0 


27 TCt 


predict linear confinement as happens in QCD. 


For the circular loop, according to (V.l), the subtracted NG action Sf^Q can be written 
as follows, 


^S"^G{a,wi) = ^ SNG{a,wi) - ^ ScT{a,wi) 


L 2 


L 2 


-1 + ^ S 2 n {wi) - aJ 1 + wf 


n=l 


ZiR 


+ 


■'^IR g2/(2) _ 


dz 


' tDi-a 


ici^O 


— 1 -|- <P {ziR, {0i2n}n=l) ® S2n(0) , 


n=l 


where. 


1 r^iR p2/(2) _ 1 

{ZJR, {a2n}Zi) ■■= — - dz . 

ZiR Jo Z^ 


In the, limit tci —)■ 0 with a fixed the result for substracted on-shell NG action up to order 


a® is. 


a 


-^2 ; '^1 — d) — —1 -|- ^ a -|- 2cr2 u + 


34 


2 8 log(4) j 


•^2 + 2 *^4 


[ (1774 - 2280 log (4) + 720 log^ (4)) a: 
- (326 — 240 log (4)) 02 04 -|- 9 + .... 


(V.5) 


Taking a !2 = 0 (which corresponds to the absence of a dimension 2 condensate in the border 
gauge theory) the calculation can be extended to higher orders. The result in this case up 
to order is, 
a' 


2 4 2 


-Jji ^^NG (® ; — 0) — + ^\a2=0 « + g *^4 <3^ + “ (Ug U® 

74222 32 1og(4)\ . 2 

(isr 

4(2999 - 2520 log(4)) 


(V. 6 ) 
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tt4a6 -|- -Oio 

y 


+ .... 
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VI. COMPARISON WITH OTHER COMPUTATIONS 


In this section the computations done above are compared with the analogous ones com¬ 
puted using the e-scheme. This is particularly relevant since, although the results coincide 
for the case of the rectangular loop, this is not the case for the circular loop. The result 
for the expansion coefficients S 2 n of the substracted NG action in powers of the radius a in 
the limit zi ^ 0 for the case of the circular loop do not coincide between both schemes. 
The source of this coincidence and discrepancy are analysed below. In order to do this it 
is necesary to consider the process of regularization/substraction involved in the e-scheme. 
The e-regularization scheme is despicted in the following hgure. 



Figure VI. 1. The e regularization. . 


For the non-conformal case this scheme is considered in |20]. It consists in locating the 
countour of the loop at the boundary z = 0, obtaining the corresponding minimal surface 
and computing its area up to a value of the coordinate orthogonal to the border which 
is an amount e less than the one of the original countour. Thus varying the diameter of 
the countour or the cut-off e amounts to the same thing for the on-shell NG action. In 
addition, the boundary conditions are given at a value of z that does not correspond to the 
location of the base of the surface whose area is calculated. In other words, the value of 
the ^ coordinate corresponding to the location of the loop countour is not a variable and 
is hxed to zero. Therefore this scheme is not well suited for employing the HJ method. 
Nevertheless, the value of the on-shell NG action can be calculated by solving the equation 


of motion (IV.2) with boundary conditions. 


z{a) = 0 , V(0) = 0 

and replacing in the NG action. Alternativedly, one can employ the solution to the equation 


of motion (IV.2) with the boundary conditions (IV.3) and take the limit —>■ 0 in the 
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integrand of the NG action. This last approach was employed in |15| . 

The snbstraction to be employed is the same as the one described in section |V| 

A. The rectangular loop 

The solution to the equations of motion for this case can be obtained by noting that the 


Hamiltonian corresponding to the Lagrangian appearing in (III.l) is a constant of motion 
E, given by, 


-,2A 


E = 


y/l + Z'{xy 

where the ' indicates derivative respect to x. This leads to the following linear ordinary 
diferential equation, 


aa 


from which it is simple to obtain x as a function of ; 2 , 


x(z) = a — dz , 

^ ’ A, 


(VI.l) 


this solution satishes the boundary condition x{zi) = a, and therefore corresponds to a pair 
of static quarks located at z = zi and separated a distance 2a. The relation between zi, zq, 
E and a can be obtained using that by dehnition x{zo) = 0, leading to, 

rzo ^ 


a = / dz 
J Zi 




^2 


(VI.2) 


In order to insert this solution in the Nambu-Goto action it is convenient to consider an 
alternative embedding of the same surface in the hve dimensional space. In this embedding 
one considers x as a function of z. It is given by, 

x^ = t , t e 

X* = X = x{z) , X G [—a, a] 


X 


= 0 




X = z. 


the NG action is given in terms of this embedding by, 

1 


Sng = 


27ia' 


T 

'2 

dt I 

_ T 
2 




' Zl 


(VI.3) 
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where now the ' indicates derivative respect to z, zi is the location of the loop countour 
and Zq the maximum value of 2 ; attained by the minimal surface. Evaluation of the NG 


action in the solution of the equations of motion amounts to replace (VI.l) in (VI.3). The 


integrand in (VI.3) is independent of zi, because x'{z) is independent of zi as implied by 


(VI.l). The lower integration limit is common to the HJ and the e-regularization. The upper 


limit of integration is to be determined as a function of a and zi by means of (VI.2). For the 


e-regularization this amounts to take 2^1 —)■ 0 in (VI.2). The function Zo(a, Zi) just gives the 
maximum of the minimal surface, this function has no singularities for any value oi Zi > 0 . 
Therefore taking the limit Zi —?■ 0, before or after the integration makes no difference. Thus 
the result for the substracted NG action is the same for both schemes. 


B. Circular loop 

The results for the expansion coefficients S 2 n of fhe NG action in powers of the radius a 
for the case of the circular loop are shown in the table bellow. The first column corresponds 
to the results computed with HJ-scheme. The second column corresponds to the results 
computed in [15] using the e-scheme . The first two rows in column e also coincide with the 
results in |20| . which takes an = 5n2(^2- In the e-computation the loop is located at z = 0. 


S2n 

HJ 

e 

S2 

202 

f02 

Si 

|(17 — 24 log 2)02 + |n4 

^(17 - 24log2)02 -I- ^04 

se 

gOe 


S8 

^(2111 - 3360log2)a| -h fos 

^[(2111 - 3360 log 2)o| + 27008] 

■SlO 

Y^(2999 - 5040 log 2)0406 + |aio 

j^[(2999 — 5040 log 2)0400 -|- 175oio] 


Table I. Results for the expansion coefficients of the NG action for the circular loop in powers of 
the radius a. 

These two approaches where considered in mi for the case of the supersymmetric confor¬ 
mal theory. They essentially differ in the regularization employed. In na it is shown that 
in the AdS case for smooth surfaces both regularizations lead to the same results, except in 
what respects to zig-zag symmetry. The HJ-regularization respects this symmetry but the 
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e-regularization does not. Bellow, these regularizations are compared for the non-AdS case. 

Clearly the results appearing in the two colums in table are different. Bellow, it is 
shown that the two computations would reduce to a single one if an interchange of limits 
and integration would be valid, which is not the case. 

The results for the if J-regularization can be computed either by the HJ approach or 
solving the differential equation and replacing the solution in the NG action. Both methods 
lead to the same results. In the second approach there appear terms in the integrand that 
go to zero when Zi —)■ 0 but survive after integration. These terms are responsable for the 
discrepancy with the e-regularization which, as mentioned before, is equivalent to taking 
the limit 2:1 —)■ 0 in the integrand before performing the integral. In appendix B a concrete 
example is considered which shows how these terms arise for the case of the coefficient S 2 - 

The main difference between both approaches is that, in the HJ-regularization, boundary 
conditions for the minimal surface are taken at its border, i.e. where the base loop lies. In 
the e-regularization boundary conditions are taken at z = 0 , which is not the location of 
the calculated area border. This implies that in this last case, the calculted area does not 
correspond to the area of a minimal surface, whose border lies at z = 0, but to a fraction of 
it. In the limit e —)■ 0 the difference would vanish, however the divergence of the metric for 
z —?• 0, gives a non vanishing contribution, which accounts for the difference between both 
results. In this respect it is worth noting, that such difference is not seen in the AdS case, 
simply because in that case conformal invariance requires the vanishing of the condensates. 


VII. CONCLUDING REMARKS 

In this work the HJ approach has been employed for the calculation of minimal areas on 
asymptotically AdS spaces. These calculations are relevant, from the holographic point of 
view, in obaining expectation values of Wilson loops in the gauge theory living at the border 
of these spaces. In this respect it is worth noting that, 

• This approach directly calculates the minimal area without need to solve the equations 
of motion and replace the solution in the NG action. This makes the calculation more 
direct and in practice much simpler. 


• In this approach variations of the on-shell classical action under changes in its bound- 
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ary conditions are studied. The location of the loop countour is one of these condi¬ 
tions. Therefore the HJ-approach also leads to a natural regularization, which consists 
in moving the location of the countour out of the border. 

Regarding the issue of regularization schemes it was shown that different schemes lead to 
different results. If one requires zig-zag symmetry to be respected then, as shown in m, the 
HJ scheme should be choosen. In this respect it is important to note that the HJ-scheme 
for any value of the regularization parameter zi, computes the area of a minimal surface. 
This is not the case for the e-scheme. 


APPENDIX A: THE FIRST TERMS IN THE EXPANSION IN POWERS OF THE 

RADIUS. 



= (l + 52 ( 0 ;)^ — 4xS2(x) S2(x) + 4s2(x)‘^ — /34 , 



+ I2f3l (1 -I- wlY [2 a.Tcsm{wi) — log (l -|- w 


-2) - log (4)] I 
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C^^\x) = 2 (l + S 2 {x) s'^{x) — 8x 54 ( 0 ;) 52 ( 0 ;) — Ax S 2 {x) s'^{x) + 16 52 ( 0 ;) 54 ( 0 ;) — P^x'^ , 

1 , f 24 4 

56(w^i) = (1 + |-y/^6 - 24/31 log2(4) + 3/31 [36 log(4) - 73] + -/32/34 [241og(4) - 59] 

8 (3/^2 +/^4)/52 , 204/31 + 48/32/^4 0/1/53 1 2 /i I 2^ na p3 ^ ^o^1 i 2^ 

+- ^—5 -24/3^ log (1 + wj - 96/3| log(2) log (1 + w^) 


il + wlf 


l+wf 


/ ^ ^ \ , / 9\ 192/3n arcsin(wi) 96/3| arcsin(wi) 

+4 (21 + 8A/34 log 1 + to? + /—^ - + 1 ,.„2 

Vl+wf i + Wi 

48/3| log (4 + Awf) ("l + 2wi a/1 + — 2 (1 + arcsin(wi) 


+ 1 

—96/3| arcsin^(t(;i) — 216/3| arcsin(wi) — 64/32/34 arcsin(t(;i) 

72/36 uif + 45/3| (73uif + 112ui? + 40) + 20/32/34 (SOwf + 104uif + 48) 


+Wi 


15(1 + uif) 


24 5/2 


APPENDIX B: THE DIFFERENCE BETWEEN THE zi-REGULARIZATION 

AND THE e-REGULARIZATION 

In terms of the variables, 


Zl\‘^ ^ N 2 


the NG action is, 


Sng = — 


+ -hj •'^w = ©' 




a' 


2^ (t) 


dt . 


the solution to the equation of motion with the boundary conditions. 


i/j{wi) =wl= (z(a) = Zi) , i/)'{\Jl + wl) = 0 , = ( 2 :'( 0 ) = 0) 


up to order a3 is given by. 


(VII.l) 


ip{t) = t^ - Aa^a2 {wl + 1 ) ((wi + 1 ) log {-t^ + ^1 + 1) + 

+ (tci - t) + 2sjwl + 1 - wi^ 


+2 (wl + 1 ) tanh ^ 




— 2 (wl + 1 ) sinh ^(tci) 
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replacing in (VII.l) gives the following expression for the integrand up to order a^, 

I{wi,t) = ^2^"^ + Afwj - 2t^wi ^Jwl + l 

-t^wl log + wl + l) -t^ log (-f^ + + l) + Qwl log + l) 

+3 log + l) + 2 {w\ + l) {f - 3 {wl + l)) sinh"^(M;i) 


-2 {w\ + l) — ?)w\ — 3) tanh ^ 


\/wl + 1 


+ 3wf log (-f^ + Wl + l) 


+3t^ — Qtw‘l\J wl + 1 — 6t-\J Wl + 1 — 3wf — 3wi + hwi-^wf + 1 + Qw^sjwl + 

the last term in this integrand is proportional to which vanish when wi —)■ 0. However 

integrating and then taking the limit, they lead to a non-vanishing result, 


wf 1 wl 


t* 


3 


■\/l+w 


Wl 


Wl —^0 1 
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